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Black-Scholes Model is considered as the biggest achievement in 
financial theory both in expressions of approach and applicability. 
Generally, this model is used for option pricing in financial derivative. 
The purpose of this study is to discuss the derivation and solution of the 
Black-Scholes Model.  
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1. Introduction 
 

It was under the assumption of the lognormal dynamics of derivatives that Fischer Black, Myron Scholes 

and Merton developed their European option pricing model. They further made the following assumptions [1]: The 

probability of the rate of return for a stock is lognormally distributed with the mean same as the risk-free rate of 

return. There are no transaction costs or taxes. No risk-free arbitrage opportunities exist. There are no dividends 

during the life of the options. The risk-free interest rate  is known and constant over time. The variance of the 

return is constant over the life of the option. The underlying asset trading is continuous and the change of its price 

is continuous. 
 

2. Derivation of Black-Scholes Equation: 

 

Let a stock price follow 

         (1.1) 

Where is the trend,  is the volatility and  follows a Wiener process. Now, suppose that is the price of a 

call option or other derivative contingent on  The variable must be some function of  and  Hence, by 

 Lemma 

       (1.2) 

The discrete versions of (1.1) and (1.2) are 

 

and 

        (1.3) 

The Wiener process underlying and are the same and can be eliminated by choosing an appropriate 

portfolio of the stock and the derivative. We choose a portfolio of 
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The holder is short one derivative and long an amount  of shares. We define  as the value of the portfolio 

and we have  

          (1.4) 

The change  in the value of the portfolio in the time interval is given by 

          (1.5) 

Substituting (1.3) into (1.5), we get 

          (1.6) 

The portfolio is now risk-less due to elimination of the term. It must then earn a return similar to other short 

term risk-free securities. Therefore 

            (1.7) 

Where is the risk-free interest rate. Substituting (1.4) and (1.6) into (1.7), we obtain 

         (1.8) 

Thus, we have 

          (1.9) 

Which is the Black-Scholes-Merton differential equation. 

Solving the partial differential equation in (1.9) gives an analytical formula for pricing the European style 

options. These options can only be exercised at the maturity date. The American style options are exercised any 

time up to the maturity date. Thus, the analytical formula we will derive is not appropriate for pricing them due to 

this early exercise privilege [5]. 

In the next section we examine the upper and lower boundary conditions for the American and European 

style options. Then, the boundary conditions for the European options will be applied to solve (1.9). 

3. American and European Options: 

 

American options are just like European options, except that the American option allows the early exercise 

privilege. If we know the price of a European option, we can price the parallel American option by determining the 

impact of the early exercise privilege. The value of the right to exercise before expiration is the early exercise 

premium. Thus the American option must be worth at least as much as the European option. Therefore, 

 

        (1.10) 

Where the American (European) call and put options are denoted by  and  respectively. 

American and European Puts 

The respective American and European lower boundary conditions that are determined by the arbitrage-free option 

prices are 

 

                   (1.11) 

The upper boundary conditions are 

 

 .                  (1.12) 

The price difference between American and European options depends largely on the extent to which the option is 

in-the-money, the interest rate and the amount of time remaining. The early exercise of an American put discards 

the value of waiting to see how stock prices evolve. 
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For an American put on a dividend paying stock, the optimal time to exercise is generally immediately after 

a dividend payment. The dividend payment reduces the stock price and this pushes the put further into-the-money. 

A put option when held in conjunction with the stock insures the holder against the stock price falling below a 

certain level. However, it may be optimal for an investor to forgo this insurance and exercise early in order to 

realize the strike price immediately. It is optimal to exercise a put before the maturity date on a non-dividend 

paying stock [9]. 

American and European Calls 

For a non-dividend paying stock, early exercise is never optimal, and the price of an American call carries 

the same value as its European counterpart. The respective lower boundary and upper boundary conditions are 

given by 

 

and                       (1.13) 

If the underlying stock pays a dividend, it can be rational to exercise early, and an American call can be worth 

more than the European call. The early exercise should occur immediately before a dividend payment as a 

dividend payout lowers the current stock price and this in turn lowers the call intrinsic value. 

The American call on a non-dividend paying stock should not be exercised early as the call option acts like 

an insurance to the holder against the stock price falling below the exercise price. This insurance vanishes when 

the option is exercised. The latter the strike price is paid out, the better for the option holder [2]. 

We have considered the boundary conditions for both the American and European options. The boundary 

conditions for the European call option will be applied in solving the Black Scholes PDE. 

 

4. Solution of the Black-Scholes Equation: 

 

The Payoff condition is . The lower and upper boundary conditions 

are given by (1.13). These are the conditions that should be satisfied by the PDE. 

Let  where is the expiration time and the present time. Then, (1.9) can be written as  

          (1.14) 

Taking  

    

                  (1.15) 

We now introduce a new notation . Using (1.15), the Black-Scholes PDE becomes 

a diffusion equation  

          (1.16) 

and has a fundamental solution as a normal function 

         (1.17) 

The solution to (1.16) is 

        (1.18) 

We use the payoff condition and the fundamental solution of (1.17) to obtain 
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                (1.19) 

We denote the distribution function for a normal variable by  

 
                 (1.20) 

We can express (1.19) as  

 
                (1.21) 

Where  We consider the second term in the right-hand side 

of (1.21). Let 

           (1.22) 

Then using (1.22), the becomes  

          (1.23) 

and the limits of (1.21) using (1.22) are given as   When   

         
                (1.24) 

Changing the variable from 𝜉 to Z, the second term of (1.21) becomes 

 
       (1.25) 

The integrand of the first term in (1.21) is expressed as 

   

   

    

            (1.26) 

We use the definition of  to have     

           (1.27) 
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Inserting (1.26) and (1.27) into the first term of (1.21), that first term becomes 

 
       (1.28) 

By changing the variables as we did in the previous case, we get 

 
                (1.29) 

The last line of (1.19) can be written as 

 

                (1.30) 

and it implies that 

          (1.31) 

 Where       and                      (1.32) 

This is the Black-Scholes formula for the price at time zero of a European call option on a non dividend paying 

stock [5]. We can derive the corresponding European put option formula for a non-dividend paying stock by using 

the call - put parity given by  

    The European put analytical formula is 

            (1.33) 

The European call and put analytical formulas have gained popularity in the world of finance due to the ease with 

which one can use the formula to value the European options. When calculating the value of options, the other 

parameters apart from the volatility can easily be observed from the market. Thus it becomes necessary to find 

appropriate methods of estimating the volatility. 

 

Problem 1: Show that  satisfies the Black-Scholes differential equation. 

Proof: Differentiating the Black-Scholes formula for a call price we obtain 

 
  

 

 

and            

Now 

 

 

So  



Volume-01, Issue-08, August-2019                                                        International Journal of Interdisciplinary Current Advanced Research 

© IJICAR 2019, All Rights Reserved                                                                                                                                  67 | Page 

  

 
  

 
This shows that the Black-Scholes formula for a call option does indeed satisfy the Black-Scholes differential 

equation. 

 

Problem 2: What is the price of a European put option on a non-dividend-paying stock when the stock price is 

USD 69, the strike price is USD 70, the risk-free interest rate is 5% per annum, the volatility is 35% 

per annum, and the time to maturity is 6 months?  

Answer: Given 

 and  . 

  

 and  

 The price of the European put is  

   

   

 
5. Conclusion: 

 

In this paper, we have discussed the derivation of Black-Scholes model and also discussed about its solutions 

i.e. European call and put formula with some examples. 
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